We present an extensive frequentist analysis of the one-point statistics (number, mean, variance, skewness and kurtosis) and two-point correlation functions determined for the local extrema of the cosmic microwave background temperature field observed in five-years of Wilkinson Microwave Anisotropy Probe (WMAP ) data. Application of a hypothesis test on the one-point statistics indicates a low-variance of hot and cold spots in all frequency bands of the WMAP data. The consistency of the observations with Gaussian simulations of the the best-fitting cosmological model is rejected at the 95% C.L. outside the WMAP KQ75 mask and the northern hemispheres in the Galactic and ecliptic coordinate frames. We demonstrate that it is unlikely that residual Galactic foreground emission contributes to the observed non-Gaussianities. However, the application of a high-pass filter that removes large angular scale power does improve the consistency with the best-fitting cosmological model. Two-point correlation functions of the local extrema are calculated for both the temperature pair product (T-T) and spatial pair-counting (P-P). The T-T observations demonstrate weak correlation on scales below 20
INTRODUCTION
Generic inflationary theories predict that the initial conditions of the universe are Gaussian random fields with a nearly scale invariant or Harrison-Zel'dovich spectrum. The cosmic microwave background (CMB) carries the imprint of such random fields in the temperature fluctuations observed from the last-scattering surface. The statistical properties of the observed CMB sky, by comparison with theoretical predictions, thus provide a mechanism to test whether the early universe is consistent with the Gaussian hypothesis or whether a primordial non-Gaussian component is required.
In this paper, we consider the detailed properties of ⋆ E-mail: houzhen@mpa-garching.mpg.de local extrema, defined as those pixels whose temperature values are higher (hotspots) or lower (coldspots) than all of the adjacent (neighbour) pixels (Wandelt, Hivon & Górski 1998) . The connection between the maxima of Gaussian random fields and CMB temperature fluctuations resulting from gravitational fluctuations has long been established (Zabotin & Naselski 1985; Sazhin 1985a,b) . A comprehensive study of the statistical properties of local extrema in the CMB temperature field, including the number density and angular correlation function of the peaks (hotspots) and troughs (coldspots) for Gaussian random processes was undertaken by Bond & Efstathiou (1987) and Vittorio & Juszkiewicz (1987) . Coles & Barrow (1987) extended these predictions for various toy (Rayleigh, Maxwell, Chi-squared, lognormal, rectangular and Gumbel type I) non-Gaussian random fields including statistics such as the mean size and frequency of occurrence of upcrossings, and discussed whether it is possible to determine if the observed statistics of the CMB sky are indeed Gaussian as predicted by standard inflationary theory. Barreiro et al. (1997) showed that the number and Gaussian curvature of local extrema valid for a given threshold were sensitive enough to distinguish the geometry of the universe.
The temperature-correlation function of CMB hotspots above a certain threshold has been accurately calculated by Heavens & Sheth (1999) on small-angle separations in the flat-plane approximation, and subsequently extended to full-sky coverage in Heavens & Gupta (2001) . It is considered that these correlations provide a test of the Gaussian hypothesis of initial conditions and can discriminate between inflation and topological defect models. This statistical analysis technique has been applied to three types of observations by Martínez-González & Sanz (1989) and to study the Tenerife Experiment data along a strip in the CMB sky (Gutiérrez et al. 1994) . Kogut et al. (1995 Kogut et al. ( , 1996 used the properties of local extrema to test the consistency of the COBE -DMR data to the predictions of inflationary cosmological models, also including a comparison to several toy non-Gaussian models.
Data from the Wilkinson Microwave Anisotropy Probe (WMAP ) currently provide the most comprehensive, full-sky, high-resolution information on the CMB. Larson & Wandelt (2004) made the first analysis of the statistical properties of hot and cold spots in the first-year of WMAP data computing their number, mean, variance, skewness and kurtosis values. Their main conclusions were that the mean excursion of hot and cold spots were not hot and cold enough respectively compared to their Gaussian simulations, and there was also evidence for low variance in the northern ecliptic hemisphere. In a subsequent paper, they developed a hypothesis test schema in order to study the robustness of the earlier claims, and particularly evaluated the dependence of the earlier work to variations in the noise model assumptions and to the resolution of the maps (Larson & Wandelt 2005) . In addition, a 3σ-level anomaly has been detected using the temperature-correlation functions of the local extrema. Tojeiro et al. (2006) concentrated on the properties of the extrema point-correlation function using a technique well-known in galaxy clustering studies. Evidence for non-Gaussianity was found on large-scales, but its origin was not definitely established.
In this paper, we analyse both the one-and two-point statistics of local extrema in the five-year release of WMAP data. The hypothesis test introduced by Larson & Wandelt (2005) is adopted in our one-point analysis to make a statement at a certain significance level regarding whether the observed statistics are consistent with our Gaussian random simulations. Further analysis, using additional equatorial Galactic cuts, and the removal of specific low-ℓ modes, has been carried out to elucidate the origin of these anomalies. We undertake both temperature-(T-T) and point-(P-P) correlation analyses to further confirm the findings of our one-point analysis and relate the correlation structures to spatial temperature distributions. This paper is organized as follows. In Section 2.1 we present an overview of the WMAP data used in the analysis and key properties necessary to allow the generation of Gaussian realizations having identical instrumental properties as the data. Section 2.2 details the masks adopted in order to minimise contamination from non-cosmological sources, 2.3 prescribes the technique used to subtract large-angular scale structure to test the sensitivity of the results to putative anomalous features therein, and 2.4 describes the process for simulating the CMB sky in a manner consistent with the WMAP data. Section 2.5 specifies the method for determining local extrema from the observed sky maps and simulations, and the statistics used in our analysis are specified in section 2.6. Results are reported in Section 3, including the analysis and discussion of one-point statistics (Section 3.1) and two-point correlation functions (Section 3.2). Finally, we present our conclusions in Section 4.
METHOD
Even though the literature contains extensive theoretical predictions of the statistics of local extrema in the CMB, such as the number density and two-point correlation functions, a frequentist approach based on simulated statistics to be compared with the corresponding values for the WMAP data is indicated here, since the inhomogeneous observing strategy and complicated sky-coverage of the mask used during data analysis are difficult to account for analytically. This section provides the key information required for such an analysis and comparison.
The WMAP data
The WMAP instrument is composed of 10 differencing assemblies (DAs) spanning five frequencies from 23 to 94 GHz (Bennett et al. 2003) . The two lowest frequencies (K and Ka) are generally used as Galactic foreground monitoring bands, with the three highest (Q, V, and W) being available for cosmological assessment. Note, however, that the Q-band information is dropped by the WMAP team for their power-spectrum analysis of the 5-year data. There are 2 high-frequency DAs for Q band (Q1, Q2), 2 for V (V1, V2), and 4 for W (W1,W2,W3,W4), each with a corresponding beam profile and characteristic noise properties. The maps are provided in the HEALPix pixelization scheme , with resolution parameter N side = 512. We utilize the 5-year foreground-reduced temperature maps available from the LAMBDA website 1 . The instrumental noise can be considered to consist mainly of two parts: a white noise contribution, and a 1/f component. The noise in the WMAP sky maps is weakly correlated as a consequence of the differential nature of the observations, the inhomogeneous scanning strategy and the 1/f term. This biases measurements on certain low-ℓ modes, although it remains unimportant for temperature analysis because of the high signal-to-noise on these scales. The effect is not important at high-ℓ (Hinshaw et al. 2007 ). Thus we consider that the noise can be entirely described by an uncorrelated instrumental white noise component with rms value per pixel given by
where σ0,i is the rms noise per observation for a given DA (as tabulated in Hinshaw et al. (2008) ), and N obs,i (n) is the number of observations at a given pixel. The scan pattern is such that the latter is greatest at the ecliptic poles and in rings surrounding them, and fewest in the ecliptic plane (Bennett et al. 2003) .
For analysis purposes, we average the individual DAs at a given frequency for the Q, V and W bands using uniform and equal weights over all pixels rather than noise weighting (as utilized for some aspects of the WMAP power spectrum analysis), since this results in a simple effective beam at each frequency. We also form simple combinations of the least foreground-contaminated V and W bands (VW), and all of the Q, V, W band data (QVW).
Masks
To avoid contamination of the cosmological signal by emission from the diffuse Galactic foreground and distant point sources, the WMAP mask for extended temperature analysis (KQ75, roughly 72% sky coverage) is applied to the data. We also extend the KQ75 mask to include data only from specific hemispheres -Galactic North and South (GN, GS), and Ecliptic North and South (EN, ES). In the remainder of the paper, we will often refer to results derived on the KQ75 sky coverage as 'full-sky' results for convenience, and to distinguish from those values computed with additional hemisphere masking. The possibility that any evidence for non-Gaussianity can be associated with residual Galactic foregrounds implies the need for tests utilizing more aggressive pixel rejection. We construct additional masks which exclude various symmetric latitude cuts, specifically |b| < 15
• , 20
• , 25
• , 30
• , in addition to the KQ75 regions to help constrain our one-point statistics.
ℓ-dependence
As is now standard practise in CMB data analysis, we subtract the best-fitting monopole and dipole terms from the data.
However, the low value of the quadrupole as observed in the WMAP 5-year data, together with the observed strong alignment between the quadrupole and octopole moments (possibly extending to even higher orders) motivates the removal of the quadrupole in addition to the monopole and dipole. As in previous studies by Tojeiro et al. (2006) , we also remove higher moments for some specific comparisons, and in particular we consider the ranges ℓ = 0-5 and ℓ = 0-10.
The fitting method is a χ 2 minimization technique. For cut-sky fitting, the multipoles are coupled and there are differences between the corresponding derived multipoles for different fitting ranges. For example, we fit multipoles ℓ = 0-2 and ℓ = 0-5, then the dipole or quadrupole realizations fitted by these two are different. However, since our aim is not to determine the actual values of these low order multipoles, and given that the subtraction is applied consistently to both the WMAP data and each simulation, the differences should not be relevant or bias the analysis.
Simulations
We generate a large number of simulations that should represent accurate approximations of the assumed Gaussian primordial temperature fluctuations combined with the WMAP observation properties (beam resolution and noise amplitudes). These should provide sufficient reference statistics to allow us to search for evidence of primordial non-Gaussianity in the data.
We perform each Gaussian simulation to yield a map for further analysis in the following way.
1 We generate the array of spherical harmonic coefficients a lm as a set of Gaussian random numbers with variance defined by the WMAP 5 best-fitting 'lcdm+sz+lens' model power spectrum. Since we wish to create maps with the WMAP resolution level N side = 512, the set of coefficients is truncated corresponding to a maximum multipole ℓmax = 1024. The corresponding pixelization window function p l is applied to each a lm coefficient. Similarly, the appropriate beam transfer function for each DA, b l , is also applied to obtain the coefficientsã lm = b l p l a lm .
2 The CMB sky realization is created pixel-by-pixel by
3 We create a noise realization for each DA by combining a set of Gaussian random numbers, g(n), with zero mean and unit variance with the expected noise rms pixel-by-pixel N (n) = g(n)σ b (n), then add it to the CMB realization T (n).
4 We set the temperature of pixels lying inside the masked regions defined previously to the HEALPix sentinel value. Now, we have both the WMAP measurements and simulated realizations of them to analyse. The processing method hereafter is identical for both of them.
Analysis
In this section, we introduce the processing steps necessary for allowing the study of the local extrema in either the data or simulated maps as specified in Section 2.1. Generally, this closely follows the scheme defined in Section 4 of Larson & Wandelt (2005) , which is in summary Figure 1 . Determination of smoothing FWHM. This is achieved by evaluating the ℓ-value satisfying the criterion that signal-tonoise is unity (S/N = 1). The black-solid curve is the WMAP 5 best-fitting 'lcdm+sz+lens' model power spectrum excluding any correction for pixelization and instrumental beam window functions; the red-dotted, green-dashed, blue-dash-dot, purple-dashdot-dot, and lightblue-long-dashes curve are averaged noise spectra for the Q, V, W, VW and QVW bands respectively, deconvolved from pixelization and instrumental beams to be consistent with the theoretical power spectrum. The ℓ S/N=1 values can be determined by the position of the crossing points. 
Applied smoothing
Smoothing is applied in our analysis because it enhances the signal-to-noise ratio (S/N) and removes the local sensitivity to the fine-structure of the noise. The angular scale of smoothing is determined by a S/N normalization criterion as shown in Figure 1 . For each band, the observed power spectrum,C l , is related to the underlying spectrum C l , on average, as
where N l is the noise power spectrum of each band. We find the ℓ values corresponding to S/N = 1, i.e.,
N l , for the Q, V, W, VW and QVW bands, listed in Figure 1 . The smoothing suppression factor in ℓ-space is
where σ = θFWHM/ √ 8 log 2, and θFWHM is the Gaussian FWHM scale in radians. We choose two different FWHM scales (θ f1 and θ f2 ) for each band such that g(l b S/N=1 , θ f1,f2 ) = e −1 , 10 −1 . The FWHM values for the 5-year S/N normalization are listed in arcmin in Table 1 .
Valid pixels
After smoothing, we are concerned that edge effects due to pixels close to the boundaries of the mask may create artefacts in the local extrema measured in these regions. To solve this problem, we apply the method used by Eriksen et al. (2005) . The original mask is convolved with a Gaussian FWHM beam as in Eq.4 and valid pixels for further analysis are defined as those with a value larger than 0.90 in the smoothed mask. We have tested that 0.90 is sufficiently conservative in our local extrema analysis.
The statistics
In this section, we introduce the statistics by which a comparison will be made between the WMAP 5-year data and simulations, as well as the methodology applied in order to establish confidence levels on these statistics.
One-point statistics
Following the analysis performed by Larson & Wandelt (2004) , we calculate the number, mean, variance, skewness and kurtosis value of local extrema. The mean and skewness values of the cold spots are multiplied by −1 for convenience when comparing with hotspots. We compute the fraction of simulated statistical values that are lower than those for the WMAP data and use these numbers to make a statement about whether the measurements are consistent with the Gaussian process assumed for the simulations.
To achieve this, we adopt the hypothesis test methodology introduced by Larson & Wandelt (2005) , and extensively described in their appendix 2, to establish statistically robust confidence limits for this assessment of our one-point analysis.
As a brief summary of this methodology, consider that we have one number, x0, the mean value determined from the observed local extrema, and a sample, {xi}, from the simulations. We consider the hypothesis 'x0 comes from the same distribution as {xi}'. If there are n total samples in the simulated ensemble, and i do fall below x0, then we can define the quantity p as i/n where p defines the position of x0 in the appropriate PDF. We then choose a hypothesis about p
where α is the significance level much less than 1. It is a two-sided hypothesis because x0 is less likely to come from the distribution than {xi} if it lies on the tail of {xi} or beyond, as naturally considered. The frequentist statement is that 'H is true in a fraction 1 − α of all possible Gaussian universes'. We make tests for each statistic twice: first, the Type I error (rejection of true hypothesis) probability is controlled to be small; and second, the Type II error (acceptance of the false hypothesis) is controlled. See Appendix 2 of Larson & Wandelt (2005) for comprehensive details.
Two-point statistics
There are two kinds of two-point analysis performed in this paper: the temperature-(T-T) and point-(P-P) angular correlation functions.
The T-T correlation function discussed here has the same definition as that discussed by Eriksen et al. (2005) ,
where cos θ = n1 · n2, and the points n1 and n2 at which the temperatures are defined correspond to local extrema. We analyse the maxima and minima separately, i.e., only the maxima-maxima (Tmax −Tmax) and minima-minima (Tmin − Tmin) correlation functions are evaluated. The P-P angular correlation function is defined as the excess probability of finding a pair of local extrema at angular separation θ by direct analogy with the definition used in galaxy distribution studies,
wheren is the mean number density of our sample. The Hamilton estimator of the P-P correlation function is adopted here (Hamilton 1993) ,
where DD(θ) is the number of pairs of local extrema in our data (for either the WMAP observations or a particular simulation) inside the interval [θ, θ+dθ), RR(θ) is the number of pairs in a random generated sample with separation in the same interval, and DR(θ) has the same meaning but the pairs are selected between the data and the random sample. We generate 200000 random points uniformly distributed on the full sphere. We eliminate any adjacent points since these cannot correspond to local extrema as defined in this work. This leaves 135889 surviving points, still at least ten times more numerous than the average number in our data catalog, which is usually considered sufficient for the correlation function study.
χ 2 values are computed for both T-T and P-P correlation functions to quantify the degree of agreement between observations and simulations. The χ 2 statistic is calculated from the difference between each sample (either observation or simulation) and the average of the simulations on a given scale and defined as
where M −1 ij is the inverse covariance matrix estimated from the ensemble of correlation functions determined from the Gaussian simulations. (10) where Nsim is the total number of simulations.
The χ 2 statistic is optimized for studies on CMB N -point (especially even-ordered) correlation functions (Eriksen et al. 2004 (Eriksen et al. , 2005 since they are strongly asymmetrically distributed. Each 2-point configuration of the full correlation function is transformed by the relation Rank of observed map Total number of maps + 1 = 1 √ 2π
The numerator of the left hand side is the number of realizations with a lower value than the current one, and the denominator is the total number of realizations plus 1 in order to make s symmetrically distributed around 0 and to avoid an infinite confidence assignment for the largest value. The χ 2 value and the covariance matrix are computed from the transformed configurations of the correlation function.
RESULTS AND DISCUSSIONS

One-point results
The one-point statistics establish the shape of the temperature distribution function for local extrema. For example, skewness represents the degree of symmetry between the left and right tails of the probability distribution, and kurtosis measures its 'peakedness'.
General results
Thousands of simulations are performed for five bands on two smoothing scales with the low-ℓ multipoles removed in the range [0, ℓrmv] , with ℓrmv = 1, 2. Five kinds of one-point statistic -the number, mean, variance, skewness and kurtosis -of local maxima and minima, are calculated. The frequencies of the simulated statistics lower than the observed values are shown in Table 2 and Table 3 . As mentioned in Section 2.6.1, a hypothesis test is performed on each frequency twice, with significance level α = 0.05. First, the probability of a Type I error is controlled to be as small as α, and the frequencies rejected by our test are marked by an asterisk; secondly, we control the probability of a Type II error to be as small as α, then the frequencies rejected this time but accepted by the first test are marked by a question mark. For the cases marked by an asterisk, we assert that the data is not consistent with our Gaussian process, with an associated probability 5% of a Type I error.
We ignore the skewness results because no rejection occurs. Tests reject several cases for the number of local extrema, most of which occur on smaller smoothing scales (θ f1 ) and in the northern hemisphere for cold spots. The mean values are quite consistent with simulations at the 95% confidence level, except for rejections of the W band with θ f2 smoothing in the Galactic northern hemisphere, implying that the cold spots are not cold enough. Other bands with θ f2 smoothing show a similar suppression of cold spots, although the values are accepted by our test.
The main one-point abnormality appears in the variance results. There is also significant hemispherical asymmetry indicated in Table 3 -almost all of the full-sky (NS) and northern (GN and EN) results are strongly rejected for ℓrmv = 1, as well as GN and most of EN for ℓrmv = 2. The frequencies with values outside the 3σ confidence region have been detected and underlined. It is worth noting that the measured variance on the full-sky is more consistent with simulations after quadrupole removal, and also slightly improved for the northern Ecliptic hemisphere, which give us evidence that the observed low-quadrupole is a possible source of such anomalous behaviour, but this may not be the complete explanation.
Residual Galactic foreground
The conventional wisdom suggests that evidence for nonGaussianity may be associated with residual Galactic foregrounds. We test this simply by imposing additional masks with |b| < 15
• symmetric cuts around the Galactic equator to constrain the one-point statistics. We choose the V band and smoothing scale θ f2 to carry out the test. The maxima and minima in the Galactic-cut region will then not be involved in the conclusions. Table  4 presents the statistics after imposing the Galactic cuts, with monopole and dipole, as well as quadrupole subtraction. Since the skewness is unrevealing, it will not be listed again.
The results are generally similar to the previous cases. In particular, the variance remains as asymmetric as ever. Although in some cases the low-variance improves with increasing Galactic cut, it is difficult to assert whether this is significant. Therefore, it seems unlikely that residual Galactic foregrounds constitute a solution to the anomalies seen in the one-point statistics.
Low-ℓ subtraction
Motivated by the quadrupole evidence in Section 3.1.1, we proceed to remove higher moments of ℓ = 0-5 and ℓ = 0-10 separately from observed and simulated maps on V band. The number, mean, variance and kurtosis of hotspots and cold spots for ℓrmv = 5 and ℓrmv = 10 are put in Table 2  and Table 3 .
The number, mean and variance show good agreement with simulations for ℓrmv = 5 and even better for ℓrmv = 10, but problems of the kurtosis for ℓrmv = 5 show that the peak of the extrema temperature distribution on ES is much sharper than the Gaussian one, and it disappears after subtraction of the higher moments. This result suggests that the anomalies of the extrema temperature distribution are related to the large-scale moments, especially the first five. However, it is difficult to further confirm how the largescale moments affect the temperature distribution of local extrema if only the one-point analysis is available. A twopoint analysis is necessary, for which we will also investigate the properties of the two-point correlation as a function of different temperature intervals.
Two-point results
We study the correlation functions of hot and cold spots for the V-band in five sky coverages with three kinds of temperature threshold applied -no threshold (Tmax > −∞, Tmin < ∞), 1σ sky (Tmax > 1σ sky , Tmin < −1σ sky ) and 2σ sky (Tmax > 2σ sky , Tmin < −2σ sky ), where σ sky is the standard deviation of the temperature of all the valid pixels in a certain sky region. For the sky region outside the KQ75 mask, we compute correlation functions from 0
• to 180
• , divided into 1000 bins, and from 0
• to 90
• with 500 bins for the four hemispheres in question, since in these cases pairs with separations larger than 90
• are so rare, in particular for the 2σ sky threshold, that the correlation functions become strongly oscillatory, affecting the accuracy of inversion of the covariance matrix.
Large-scale modes do affect the confidence level of our one-point statistics, especially the variance, the temperature-temperature correlation of local extrema at zero lag. Thus, conceivably, such a low-ℓ subtraction is also of importance to the correlation study. According to the theoretical calculation of T-T correlation by Heavens & Sheth (1999) , there are oscillation features on angular scales from 10 to 100 arcmin, however, we will not attempt to investigate these features because of the observational resolution and smoothing procedure during the data processing. We expect stronger signal in this angular range by the forthcoming higher resolution full-sky CMB survey, the PLANCK mission.
T-T correlation
We show the temperature-temperature correlation functions without threshold applied in Figure 2 .
2 The correlation functions have been rebinned to 100 bins for both full sky and hemispheres and the first bins are dropped. Spergel et al. (2003) and Copi et al. (2008) report a lack of correlated signal compared to the ΛCDM model for angular scales greater than 60
• for WMAP 1 and WMAP 5, respectively. However, as shown by the top and middle panels of Figure 3 , there is no significant lack of correlation for the hot and cold spots on corresponding scales, when computed on either the full-sky or hemispheres. However, what is of note is the lack of variance in the bins on these angular scales -almost all lie within the 2σ confidence region. In fact, the correlation properties of the hot and cold spots show several interesting properties as a function of angular scale and temperature threshold, as we discuss below.
In the case of the full sky analysis with ℓrmv = 1 and without any threshold applied, it should be apparent that there is a strong suppression of the correlation function for the bins of both hot and cold spots on scales less than about 20
• (corresponding to the typical scale of ℓ = 10), to amplitudes around or even below the lower limit of the Gaussian 3σ confidence region. Similar behaviour is seen on scales less than 10
• in the Galactic and Ecliptic north (ℓrmv = 1), whereas the southern sky shows quite a good agreement with theoretical expectations. This corresponds to a hemispherical asymmetry of power seen in the fluctuations of local extrema. The suppression still exists after quadrupole subtraction, in particular the correlation of cold spots in the Galactic north is lower than the 3σ confidence region at small scales. After removing the modes for ℓrmv = 5 and 10, the small-scale suppression become less significant and the hotspots correlation shows perfect agreement with the median, especially on the full-sky, which gives strong and self-consistent evidence that large-scale moments (ℓ 10) affect the small-scale temperature-correlation of local extrema. Notice that the distribution of correlations becomes less structured on large-scale if higher moments are subtracted.
The angular structure of correlations for hot spots and cold spots should be identical in theory, but the discrepancy between them gets larger as higher moments are removed on both the full-sky and two northern hemispheres. The hotspots are quite consistent with the median of the predicted curves, whereas the cold spots on NS, GN and EN are less correlated in the cases ℓrmv = 5 and 10.
The application of temperature thresholds to the set of hot and cold spots included in the correlation study is also revealing (Figure 3 ). There are strong suppressions on the full-sky and northern hemispheres at all scales if the 1σ sky or 2σ sky threshold is applied. For ℓrmv = 1 and 2 on GN and EN, most bins are suppressed to the lower limit of 3σ confidence region, and many are apparently under the lower limit of the 3σ confidence region defined by simulations. Conversely, results for the southern sky still indicate agreement with the best-fitting cosmological model. However, it should be recognised that, apart from an overall scale-factor, the detailed shape of the observed point-sets is consistent with the median at all other scales. This implies that the T-T properties arise not from an anomalous spatial clustering (or anti-clustering of local extrema), but as a consequence of the statistical nature of the observed temperature distribution. Specifically, it is conceivable that the local extrema with higher temperatures in the northern sky are not extreme enough. Investigation of the corresponding cases for the P-P correlation function should then also prove revealing.
We calculate the χ 2 s value defined by Eq.9 based on the transformed distribution of the correlation functions to quantify the degree of agreement between the observed data and our Gaussian simulations. The fractions of simulations with χ 2 s value lower than observed are listed in Table 6 , with those larger than 0.975 underlined. All the values after ℓrmv = 10 become normal. Notice that there are cases with very low p-values, implying very, in some cases overly, good agreement with the median. The disagreement of the smallscale correlation without an applied threshold on full-sky coverage cannot be distinguished by this full-scale analysis, and additional small-scale analysis is necessary.
P-P correlation
The spatial clustering of local extrema quantified by the P-P correlation function is analysed by comparing with 5000 simulations. This analysis is also based on V-band data with a 43.485 ′ FWHM Gaussian beam smoothing applied. As with the temperature correlation, we rebin the original structure to 100 bins for both full sky and hemispheres and drop the first bins. Temperature thresholds are also applied to select the valid spots, but only their spatial positions are taken into account. Some of the results are plotted in Figure 4 . We take the simple averaged confidence regions for hotspots and cold spots since the profiles of these two are again essentially identical.
We do not show results corresponding to the application of no threshold since the observed structure is trivial, essentially a scatter around zero over all separation angles, and no high-significance results are found under these conditions. This means that the extrema in our data set are nearly-uniformly distributed on the sphere. Instead, we focus on the correlation structure of valid spots as a function of temperature thresholds. We expect stronger clustering if we introduce a certain level threshold that retains only higher amplitude peaks. We also introduce the notion of a 'clustering scale' by analogy with studies of the galaxy two-point correlation function, The first decline to zero amplitude defines the characteristic radius of an extended hot or cold region (or 'cluster') and bumps on larger scales reflect the correlation among 'clusters'. Since the major clustering re- Table 6 . The frequencies of χ 2 s values from simulations with lower amplitude than the WMAP data as determined for the transformed T-T correlation functions. The values higher than 0.9750 are underlined to demonstrate rejection of the Gaussian hypothesis at 2σ level. gions are determined by large-scale modes, and the local extrema created by other modes in these regions can be enhanced or suppressed by a certain level, the features of the CMB local extrema correlation functions (both T-T and P-P) represent the magnitude and scale of the hot and cold regions of large-scale modes.
The results are consistent with our expectations. The positive-valued structure demonstrates an approximate 30
• typical clustering scale before removing the quadrupole, and valid points for the 2σ sky threshold show a much stronger clustering amplitude (the left-three panels of Figure 4) . Moreover, the curves decline to zero faster after more moments are removed, and are less structured on larger angular separations because there is no sufficiently-long wavelength fluctuation to correlate the local extrema on these scales. Thus, this typical clustering scale corresponds to the spatial pattern of large-scale modes.
There is a 3σ-level suppression for both 1σ sky thresholded hot and cold spot correlations on scales less than 20
• as computed for the full sky and ℓrmv = 1, and an approximately 2σ-level suppression for the 2σ sky threshold, resulting from the less correlated northern sky. After the first 5 or 10, moments are removed, better consistency with the simulations is again seen yielding additional evidence that the abnormal properties of the large angular-scale temperature structure affects the statistical properties of our observed sky. Table 7 lists the frequency for which the χ 2 s values computed for the simulations are lower than the observed WMAP values for the transformed P-P correlation functions. No rejection is detected, supporting the consistency of the spatial distribution of the observed local extrema with our Gaussian simulations, over the whole angular range of our concern, while suppression on small-scales is not revealed by this analysis.
Analysis on small scales
Both the T-T (no threshold) and P-P (thresholded) correlation functions record a 3σ-level suppression on scales less than 20
• for the full sky and 10
• for northern hemispheres. Tojeiro et al. (2006) find evidence for non-Gaussianity using the P-P correlation function of local extrema in WMAP 1 data. The correlation function they use is estimated and rebinned to 19 equally spaced bins up to a maximum separation of 30
• . To make a comparison with their results, we analyse the χ 2 s -frequency of rebinned T-T and P-P correlations on scales less than 30
• with the first 17 bins for the full sky and on scales less than 15
• with first 9 bins for the hemispheres.
The χ 2 s -frequencies are listed in Table 8 . High significance is still detected on the northern hemispheres for ℓrmv = 1 and 2, which is consistent with the conclusions of Tojeiro et al. (2006) for the first year of WMAP data. However, the simulation sample volume of their work is only 250 simulations. As presumed in Section 3.2.2, the suppression of the P-P correlation is connected with the less structured large-scale temperature distribution. However, as shown in Table 8 and Table 7 , this suppression disappears after removing first 5 moments after which good consistency is found for the whole angular range. Therefore, it appears that the CMB moments from ℓ = 2 (monopole and dipole Figure 5 . The P-P hotspot correlation function on the full-sky with ℓrmv = 1 and 5. The green dots corresponds to the WMAP V band data, and the red and blue dots are for two simulations marked S1 and S2, respectively. For ℓrmv = 1, θ 0 s give the angular scales of the correlation functions at the first zero-crossing. The correlations for ℓrmv = 5 are less structured and fit the simulated statistical distribution, with few points outside 3σ confidence.
are always subtracted in this work) to 5 affect the observed P-P correlation structure. In the following section we attempt to discuss how the specific nature of these modes can affect the structure of the correlation functions and even the one-point statistics.
Correlation structure analysis
Since the correlation results, as well as our 1-point statistics, for the observed sky show sensitivity to the first 5 large angular-scale modes, it is worth analysing the large-scale phase pattern with the help of the structure of the correlation functions. The best-fitting multipoles as removed from the data are evaluated on the sky region outside the KQ75 mask. It is inevitable that the derived modes are coupled for such incomplete sky-coverage and our best-fitting amplitudes also vary with the number of modes included in the fit. However, such behaviour will also be found in the reference set of simulations, whereas other unusual properties of these modes, such as intrinsic correlations and alignments will not be. The analysis presented here will give a first assessment of the relation between the large-scale temperature distribution and the local extrema correlation structures.
We focus on the full-sky hotspots correlations, and in particular the 2σ sky threshold for P-P, with only the monopole and dipole removed. An identical analysis can be applied to cold spots. Two extremely behaved simulations, S1 and S2 hereafter, are selected from our samples to make a comparison with the WMAP one in Figure 5 . S1 corresponds to a χ 2 s -frequency 1.0000 and S2 to χ 2 s (30 • )-frequency 0.9970. S1 demonstrates strong spatial correlation over a range of angular serparations before declining to zero at θ S1 0 = 47.7
• (within 2σ confidence). Conversely, S2 is highly suppressed on small separation scales with the zerocrossing at θ S2 0 = 22.5
• , and shows a similar structure to the WMAP data. The median determined from our ensemble of simulations first crosses zero at 35
• , with the WMAP one at 24.3
• around the 2σ lower bound.
We plot the coadded large-scale moments from ℓ = 2 to 5 in Figure 6 , as well as the number-density of hotspots above 2σ sky , making a comparison with the correlation structures. In particular, we note that the strong P-P correlation of S1 below θ0 is related to the large and continuous hot area, while the hot regions of S2 and WMAP are smaller and more scattered, which can be visually recognized from the number-density realizations and gives strong connection between the structure of extreme-hotspots and the large-scale modes of temperature distribution. Therefore, the structures of the P-P correlation function for ℓrmv = 1 are sensitive to the large-scale pattern of temperature fluctuations. When modes corresponding to ℓrmv = 5 are removed (Figure 5 ), the correlation profile of S1, S2 and the WMAP data become less structured and more consistent with the statistical distribution determined from the simulationsthe points fit the median curve well with few points outside 3σ confidence.
It is also notable from Figure 6 that a pronounced north-south (both Galactic and Ecliptic) asymmetry is visible for the hot and cold regions of the integrated large angular-scale temperature distribution in the WMAP data. This asymmetry is consistent with the statistical behaviour of the temperature extrema on the sky.
CONCLUSIONS
In this paper, we have investigated the statistical properties of local extrema in the five-year WMAP data release, and Figure 6 . Left: The coadded low order moments ℓ = 2 ∼ 5 determined from (top to bottom) S1, S2 and the WMAP V band, shown in the Galactic coordinate system with a 30 • scalar graticule. Right: The corresponding number-density of hotspots for a 2σ sky temperature evaluated at resolution N side = 16. The KQ75 mask has been applied to the maps ad shown in gray. The black dashed line on the bottom panel marks the Ecliptic plane.
compared with Gaussian simulations to determine whether the observed universe is consistent with such processes. The analysis is carried out on different frequency bands and five sky-coverages. Both the one-point distribution and twopoint correlation of local extrema have been studied, including their dependence on large-scale CMB moments.
The hypothesis test on one-point statistics shows good consistency of the number, mean, skewness and kurtosis values with the Gaussian model used for comparison in most conditions. A few cases of rejection occur for the mean value of cold spots, somewhat consistent with the conclusion of Larson & Wandelt (2004) , but these results are not significant for all bands. Larson & Wandelt (2005) also found less significant results for the mean values after applying smoothing to the data, and attributed the earlier anomalies to the noise properties of the first-year WMAP data.
Our main results are the determination of anomalously low-variance for the local extrema, and the presence of a north-south asymmetry, the latter of which has been found to be indicated in other studies of the WMAP data using different statistical estimators. We find that the data is inconsistent with simulations at the 95% C.L. for almost all frequency bands and both full-sky and the northern hemispheres of two particular coordinate systems. We also find some measurements on various scales/thresholds that are even lower than the 3σ confidence region.
Our results argue against a residual-Galacticforeground explanation finding that the application of larger Galactic cuts, including equatorial bands out to 30
• Galactic latitude, yields no improvement in the consistency of data and Gaussian model predictions. However, an improvement is observed after removing the first 5 multipole moments, with the exception of the kurtosis values for cold spots in the southern Ecliptic sky, and all the statistics are well fitted after subtraction of the first 10 moments. This strongly suggests that the anomalies are related to the first 5 large-scale moments, possibly extending to ℓ = 10. Further confirmation is found via the two-point analysis.
Two kinds of two-point correlation analysis are performed to study both the temperature behavior and spatial distribution of local extrema. Limitations of the WMAP angular resolution and data processing imply that correlation features (Heavens & Sheth 1999) on fine-scales (10 ∼ 100 arcmin) cannot be investigated here. We find that the T-T correlation functions with applied temperature thresholds are dramatically suppressed on the full-sky and northern hemispheres. The P-P correlations determined without any applied threshold trivially oscillate around zero and lie well within the confidence regions defined by simulations. However, both the T-T correlation function without threshold and the P-P function with thresholds are suppressed on small angular separations. The χ 2 s values quantify the suppression level and some 3σ detections are found. All of this anomalous behaviour is improved for ℓrmv = 5 and totally disappears for ℓrmv = 10.
Using two extreme simulations from our ensemble, we demonstrate a connection between the P-P correlation structures and the pattern of the corresponding fitted large-scale moments (ℓ = 2-5). The number-density distribution of extreme-hotspots (T > 2σ sky ) shows apparent correlation with hot regions of such large-scale moments and so does the coldspots. For the WMAP data, it is also apparent that the northern hemisphere in both the Galactic and ecliptic coordinate systems exhibit suppressed total temperature fluctuations, which directly results in an insufficient enhancement (suppression) of hot (cold) spots from moments ℓ > 5. Therefore, the low-variance of local extrema is connected to features of large-scale moments, as is the full-scale suppression of the T-T correlation with thresholds.
